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Introduction 

Let X = C n (n > 2), and S = C. Let / : X — > S be a cohomologically tame polynomial 
map in the sense of [Sab3], i.e. there is a relative compactification / : X — > S of / such 
that J is proper and the support of ¥>j_ c Rj*Qx is contained in the affine space X (hence 

discrete) for any c G C, where j : X X denotes the inclusion. 

Set to = n — 1, and X s := f~ 1 (s) C X for s G S. There is a non-empty Zariski-open 
subset S' of S such that X s is smooth for s G S and the H l (X s , Q) form a local system 
on S' . For s G we have moreover 

H l (X s , Q) = if i ^ 0, to, H*(X S , Q) = if z ^ to, 2m, 

and H°(X S ,Q) = Q, # c 2m (A s ,Q) = Q(-to). These follow from the discreteness of the 
support of (pj_ c Rj*Qx together with X = C n by using the Leray spectral sequence, see 
Remark (1.2) below. Set 

H s :=H m (X sl Q), H C S :=H™(X S1 Q)- 
They have the weight filtration W, see [De2]. We have by [DS], Th. 0.3 

(0.1) {Gr^ +k H s } seS >, {Gi^_ k H c s } seS ' are constant on S' if k ^ 0. 

In fact, the argument in loc. cit. implies that {H s /W m H s } se s r an d {W m H^} se s> are 
constant, see also (1.1) below. 

Let Hoo be the limit mixed Hodge structure of H s for s — > oo, and similarly for H^, 
see [Stl], [St2], [SZ]. Set N := (27ri) _1 logT u with T u the unipotent part of the monodromy 
at infinity. This is an endomorphism of type (—1,-1) of H^, H^. Let L be the filtration 
on iZoo, induced by the weight filtration W respectively on H s , for s G S' . Then 
the weight filtration W on -Hoo, coincides with the relative monodromy filtration of 
(L,N), see [SZ]. In particular, W on Gr^H^, Gr^H^ coincides with the monodromy 
filtration shifted by m (i.e. with center m). 

Let i?oo,i> H£o,i respectively denote the unipotent monodromy part of i?ooj H^, and 
similarly for the non-unipotent part H^ ^x, , v By (0.1) we have 

(0.2) -ffoo,/i = Gr^ifoo^i, = Gr^H^^. 

We thus get the following well-known assertion (see also Appendix of [MT]): 

Proposition 1. With the above notation and assumption, the weight filtration W on 
Hoo^i, ^ coincides with the monodromy filtration shifted by m. 
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In this paper we give three new proofs of the following. 

Theorem 1 (C. Sabbah). With the above notation and assumption, the weight filtration 
W on #00,1, #00,1 coincides with the monodromy filtration shifted by m + 1 and m — 1 
respectively, and we have the isomorphisms of mixed Hodge structures for k > 1 : 

GrZ +k H s = Gr^ +fc Coker(iV|# 00 , 1 ), Gr%_ k H c s = Cr^Ker^^), 

where Coker(A^|i7 00) i) is a quotient o/ii/" 00j i(— 1) and Ker^NlH^^) C ff^ j. 

Note that the assertions on #00,1 and x are dual of each other. The last assertion of 
Theorem 1 means that the primitive part of the graded pieces of the monodromy filtration 
on Hqq i is given by Gi^ +k H s for k > 1, and the coprimitive part for ± by Gv^_ k Hg. 

Theorem 1 was first obtained by C. Sabbah as a corollary of [Sab3], Th. 13.1 where he 
uses a theory of Fourier transformation, Brieskorn lattices, and spectra at infinity, which 
was developed by him (see also [Sabl], [Sab2]). Recently another proof has been given 
also by him in Appendix of [MT] without using Brieskorn lattices or spectra at infinity, 
but using Fourier transformation where irregular .D-modules inevitably appear. 

It does not seem, however, that the above theory is absolutely indispensable for the 
proof of Theorem 1. In fact, the theorem was almost proved in [DS] where the following 
was shown (see also [Dil], 4.3-5): 

Theorem 2 ([DS], Th. 0.3). With the above notation and assumption, let v k and v' k 
denote the number of Jordan blocks of size k for the monodromy on #00,1 and Gr^H^^ 
respectively. Let s G S' . Then 

v k = dimGr^ +fe # s , v' k = u k+1 for any k > 1. 

We give the first proof of Theorem 1 in this paper by showing that Theorem 2 implies 
Theorem 1 using some lemma of linear algebra, see (1.3-4) below. 

The second proof of Theorem 1 in this paper uses a geometric argument together with 
duality, and is quite different from (and perhaps more intuitive than) the one in the proof 
of Th. 0.3 in [DS]. It is finally reduced to the following: 

Proposition 2. Let t s : H° — > H s be the natural morphism of mixed Hodge structures for 
s G 5" . Then it induces an isomorphism of Hodge structures 

GvZis : Gv%H c s ^ GtZH s for a G S'. 

We give two proofs of Proposition 2 in this paper. One proof uses the semisimplicity 
of pure Hodge modules together with a certain property of the mixed Hodge module 
H° f*(Qh,x[n]) coming from the cohomologically tame condition. (For Qh,x, see (1.1) 
below.) Another proof uses the positivity of the polarization on the primitive co ho mo logy 
of a compact Kahler manifold together with Hironaka's resolution of singularities. 

The third proof of Theorem 1 in this paper is given as a corollary of Theorem 3 below, 
which holds for any pure Hodge module M. of weight n on S without a constant direct 
factor, and was proved by C. Sabbah in Appendix of [MT]. The proof in this paper uses the 
notion of representative functor and the universal extension M. of a pure Hodge module 
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M. by a constant mixed Hodge module (see (3.1) below), but Fourier transformation is not 
used. Note that M. was defined in loc. cit. by using a sheaf-theoretic operation explicitly. 

Theorem 3 (C. Sabbah). Let Ai be a pure Hodge module of weight n on S having no 
constant direct factor, i.e. H~ 1 (S, Ai) = 0. Let Ai be the universal extension of M. by a 
constant mixed Hodge module on S. Set Hi := ^>i/t,iAi. Then the weight filtration on Hi 
coincides with the monodromy filtration shifted by n, and the N -primitive part -PGrJf Hi 
is given by Gr^ H°(S, Ai) for any k where they vanish unless k >n. 

Note that we have by the property of the universal extension 

M/M =a* x H°(S,M)[l], H~ 1 (S,M/M) = H°(S,M). 

The proof of Theorem 3 is reduced to the comparison between the global universal extension 
on S and the local one on a neighborhood of oo G P 1 for the underlying perverse sheaves, 
where some argument is similar to the one in the proof of [DS], Th. 0.3. 

The first named author was partially supported by the grant ANR-08-BLAN-0317-02 
(SEDIGA). The second named author is partially supported by Kakenhi 21540037. 

In Section 1 we explain some basics on cohomologically tame polynomials, and give 
the proof of Theorem 1 using Theorem 2 after showing Lemma (1.3). In Section 2 we 
give two proofs of Proposition 2, and then a geometric proof of Theorem 1 after showing 
Lemma (2.3). In Section 3 we explain the notion of a universal extension by a constant 
sheaf, and then prove Theorem 3 which implies Theorem 1. In Appendix we give some 
remarks about the limit mixed Hodge structure and the spectrum. 

1. Cohomologically tame polynomials 

In this section we explain some basics on cohomologically tame polynomials, and give the 
proof of Theorem 1 using Theorem 2 after showing Lemma (1.3). 

1.1. Some basics on cohomologically tame polynomials. With the notation in the 
introduction, let j : X X be the inclusion. Note that Hj*Qx[n] is a perverse sheaf since 
j is an affine open immersion, see [BBD]. The intersection complex IC^Q is a subobject 
of the perverse sheaf Rj*QxH (see loc. cit.) and the vanishing cycle functor l fij_ c (see 
De2]) is an exact functor (up to a shift). So we get the first inclusion of 

(1.1.1) supp v?j_ c IC T Q C suppy?j_ c Rj Ht Qx[n] = supp <pj_Rj\Qx[n]. 

For the last isomorphism, we have the relation D o Rj'^ = Rj; o D and the compatibility 
of tpj_ with the dualizing functor D, i.e. Do^ = ipoT) where a Tate twist may appear 

J C 

depending on the eigenvalue of the monodromy, see e.g. [Sail], 5.2.3. 

Assume / is a cohomologically tame polynomial in the sense of [Sab3]. Then the 
above supports are contained in the affine space X, and is discrete. Since the restrictions 
of the above perverse sheaves to X are the same, and ip commutes with the direct images 
by proper morphisms, we see that the direct image by / of the mapping cones of the 
canonical morphisms 

(1.1.2) RjiQjcN ->■ Rj*Q x [n], Rj'.QxN^IC^Q, IC^Q -> B.j*Q x [n], 
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are direct sums of constant sheaves on S. 

Let Qh,x denote the object in D b MRM(X) (the bounded derived category of mixed 
Hodge modules on X) which is uniquely characterized by the following two conditions: Its 
underlying Q-complex is Qx, and its 0-th cohomology H°{X, Qh,x) '■= H°(ax)*Qj,x has 
weight 0, see [Sai3], 4.4.2. 

Replacing Qx with Qh,x in (1-1-2), the above assertion holds in D b MHM(S) . Indeed, 
any admissible variation of mixed Hodge structure M. on S is a constant variation by using 
the mixed Hodge structure on H°(S, M). This means that M = a* s H for H e MHS (the 
category of graded-polarizable mixed Hodge Q-structures in [De2]), where as '■ S — >■ pt 
is the canonical morphism and MRM(pt) is naturally identified with MHS. Moreover, we 
have for i > 1 

(1.1.3) ExtUWa^aJfO = Ext^s^ M*a s H') = Ext^tf, H') = 0, 

since Ext* = (i > 1) in MHS by a well-known corollary of a theorem of Carlson [Ca]. 
(Indeed, the latter implies the right-exactness of the functor ExtM HS (Q, *)•) So the desired 
decomposition follows by using the canonical filtration r<k (see [De2]) on the complex. 

1.2. Remark. For / : X — > S as in (1.1), we have the Leray spectral sequence of mixed 
Hodge structures 

(1.2.1) = H\S, W f*(Q KZ [n})) =► H i+ i+ n (X, Q). 

Here E 1 ^ 3 = for i £ [—1,0] since S = C. So (1.2.1) degenerates at E 2 , and we get 

(1.2.2) # i (S,ifV*(Qh,z[n])) = for (i,j)^(-l,l-n), 

since X = C n and Hi f*(Qh,z[n>]) = for j < — n (using the classical t-structure). 
If / is cohomologically tame, then (1.2.2) implies 

(1.2.3) ^ f4Q hjZ [n}) = unless j = 1 - n or 0, 

using the exactness of <p (up to a shift) together with the commutativity of <p and the 
direct image under proper morphisms as in (1.1). 

1.3. Lemma. Let V. be a finite dimensional graded Q-vector space with an action of N 
of degree —2, i.e. N(Vk) C Vk-2- Let V' % be a graded vector subspace stable by N . Set 
V'J := V./Vy Let m be an integer. Assume the action of N on V'J vanishes, and 

N k : V^ +k ^ V' m _ k foranyk>\. 

Set C' k := Coker(iV : V k+2 ->■ V k ') so that N induces 5 k : V^ +k+2 ->■ C' m+k . Let v k be the 
number of Jordan blocks of size k for the action of N on V. . Then 



dim Coker 5 + dim Ker 8j if k = 0, 
dim Coker 8f~ + dimlm5fc_i if k > 1. 



Proof. Let oV^+fc be the primitive part defined by Ker N h+1 C V^ +k for k > 0. We have 
the primitive decomposition 

(1.3.1) V: = e k >o(®U Nj oK+k) ^th oV^ +k ^C' m+k . 



Set 

n k = dimlm^fc. 

For each k > 0, there are bases {v kjj }j of V^ +fc (= C' m+k ) and K'j};/ of V£ +k+2 together 
with lifts Vk,j of v' k ' j in V m + k +2 such that 

(1.3.2) AT Vfc , = <Kj ifl <-7<^ 

v ; ' J l0 otherwise. 

Indeed, by the definition of 5 k , the assertion is trivial if we consider the equality modulo 
NVf, i.e. if we add the term +Nu k j for some u k j G V^ +fe , 2 on the right-hand side of 
(1.3.2). Then we can replace the lift v k j of v k • with Ufej — w^j, and (1.3.2) is proved. 
The assertion of Lemma (1.3) now follows from (1.3.1) and (1.3.2). 

1.4. Proof of Theorem 1 using Theorem 2. We show the assertion for -ffoo,i since 
this implies the assertion for x by duality. We can replace -£/oo,i with the graded pieces 
Gr^i^oo^ in order to define v k , v' k , since W is strictly compatible with N k for any k > 1. 
We then apply Lemma (1.3) to 



V k = Gv\ v H 00 , 1 , V k > = GrfGr^W, V? = { ^ H «>A * * > 



m, 

if k < m. 



Here Gr^Gr^ #00,1 = for j ^ k and k ^ m, since iV = on #00,1/ £m-#oo,i- 
Using the primitive decomposition (1.3.1), we get 

(1.4.1) ^ +1 =dimC^ +fe for fc>0. 

Then Theorem 2 together with Lemma (1.3) imply the isomorphism 

(1.4.2) 5 k : V^ +k+2 ^ C' m+k for k > 0. 
Indeed, by (1.4.1) the surjectivity of 5 k is equivalent to 

(1.4.3) u' k+l = dimlm5 fc for k > 0, 
and we have by Theorem 2 and Lemma (1.3) 

v' k+ i = Vk+2 = dim Coker 5 k+ i + dimlm^ for k > 0. 

So (1.4.3) follows by decreasing induction on k > 0. 

By Lemma (1.3) together with the surjectivity of 5 we get 

ui = dimV^ +1 + J2k>o d[mKer6 k, 

since 5_i vanishes. We have moreover 1/1 = dimV^ +1 by Theorem 2. So the injectivity of 
6k (k > 0) follows. Thus (1.4.2) is proved. 

Then the primitive decomposition of V^ n+ , can be lifted to that of V m +i+, by the 
argument as in the proof of Lemma (1.3). We have the last assertion of Theorem 1 since 
the 5k (k > 0) induce isomorphisms of mixed Hodge structures. We thus get the first proof 
of Theorem 1 in this paper. 
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2. Geometric proof of Theorem 1 



In this section we give two proofs of Proposition 2, and then a geometric proof of Theorem 1 
after showing Lemma (2.3). 

2.1. One proof of Proposition 2. Consider the following morphisms of mixed Hodge 
modules on S: 

(2.1.1) M\ := H°f,(j,Q h , x [n}) 4 H°f JC^Q h ^ M* := # / *C?*Q/>,xN)- 

These are induced by the canonical morphisms of mixed Hodge modules on X whose 
underlying morphisms are as in (1.1.2): 

(2.1.2) j\Qh,x[ n ] l CxQh A j*Qh,x[ n ]- 

By (1.1) the kernel and cokernel of u' and v' are constant mixed Hodge modules on S. 
By the formalism of mixed Hodge modules (see e.g. [Sai3], 2.26) we have 

(2.1.3) G^ +k m h , x [n]) = GT™_ k (j.Q htX [n]) =0 if k> 0, 
and moreover 

(2-1.4) Gr™m h , x [n]) = Gr^Q^xN) = IC^Q h . 

(Indeed, for the last assertion, we use Hom(.M', j*Qh,x) = Hom(j*A^', Qh,x) = for any 
mixed Hodge module M' supported onI\I, and similarly for the dual assertion.) Note 
that the weight filtration W on M\ and M* are induced by the weight filtration W on 
(j\Qh,x[n\) and (j*Qh,x[ n \) respectively. 

By (1.1) the kernel and the cokernel of the canonical morphism 

(2.1.5) Grf M\ -)• Grf M* 

are constant Hodge modules on S. If the cokernel is nonzero, then there is a nontrivial 
constant Hodge module contained in M.* using the semisimplicity of GrJ^A^*- However, 
this contradicts the property that H~ 1 (S, M*) = which follows from the condition that 
X = C n by using the Leray spectral sequence, see Remark (1.2). So we get the surjectivity. 
For the injectivity we apply the dual argument. Restricting over a general s G S, we then 
get the desired isomorphism. 

2.2. Another proof of Proposition 2. Set Y = X s . More generally, let Y be a smooth 
variety which is the complement of an ample effective divisor E on a projective variety Y. 
Under this assumption, we show the bijectivity of the canonical morphism 

(2.2.1) GrZH™(Y)^G?ZH m (Y). 

We have a smooth projective compactification Y of Y such that D := Y \ Y is a divisor 
with simple normal crossings. This is obtained by using Hironaka's resolution a : (Y, D) — > 
(Y, E) which is a projective morphism. Let D a be a relatively ample divisor for a. We 
may replace D a with D a — a*cr*D a so that its support is contained in D. Then ka*E + D a 
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is an ample divisor on Y for k ^> 0. Since its support is contained in D, it is a linear 
combination of the irreducible components Di of D. 

By Deligne's construction of mixed Hodge structure on H l {Y) (see [De2]) together 
with duality, we have 

2 GrZH™{Y) = Ker(H m (Y) 0. 

Gr%H m (Y) = Coker(0^ m - 2 (A)(-1) ->• tf m (y)). 

So the assertion is equivalent to the non-degeneracy of the restriction of the natural pairing 
on the middle cohomology H m (Y) to the kernel of the morphism H m (Y) — > i H m (Di). 
By Hodge theory, it is enough to show that this kernel is contained in the primitive part 
with respect to the above ample divisor. But it is clear since the actionjof the cohomology 
class of each Di is given by composing the restriction morphism H*(Y) — > H'(Di) with 
its dual. So the assertion follows. This finishes another proof of Proposition 2. 

For the geometric proof of Theorem 1 in this section, we also need the following. 

Lemma 2.3. Let H be a mixed Hodge structure, and L an increasing filtration on H. Let 
N be a nilpotent endomorphism of type (—1, —1) of H preserving the filtration L. Assume 
the relative monodromy filtration W for (L, N) exists, and W coincides with the weight 
filtration of the mixed Hodge structure H . Let m be an integer such that H = L m H. 
Assume the action of N on L m -\H vanishes, and 

dimGr^_ fc (KeriV)=dimGr^ +fc (CokeriV) (k > 1), 
Gr^_ fc (Ker TV) = Gr^ +fc (Coker N) = (k < 0), 

where CokeriV is a quotient of H(— 1), and Ker N C H. Then W coincides with the 
monodromy filtration with center m — 1 . 

Proof. Set H' := L m -\H, H" := Gr^H. The hypothesis on the action of iV on H' implies 
that 

(2.3.2) Grf Grf H' = (k^i), i.e. W = L on H' . 
Set H k := GvfH, and similarly for H' k , H%. Set 

K k := Kev(N : H k -)■ H k _ 2 (-1)), C k := Coker(iV : H k -)■ H k _ 2 (-1)), 

and similarly for K'£, C k . Note that Gr^ commutes with Ker and Coker by the strict 
compatibility of the weight filtration W. 

Applying the snake lemma to the action of A^ on — > H' — > H — > H" — > 0, we get the 
following long exact sequence for any fceZ 

(2.3.3) -+ H' k -+ K k -+ K'l 4 H' k _ 2 (-1) -+ C k -+ C' k ' -+ 0. 

Here H' k = K k = for k > m, and C k = for k < m by hypothesis. 

We show the following isomorphisms by decreasing induction on k > 0: 

(2.3.4) H-'m-k Km-k, d : K'^_ k H' m _ k _ 2 (-1). 



Here it is enough to show that dimi^_ fc = d\mH' m _ k _ 2 , using the long exact sequence 
(2.3.3) since the surjectivity of d follows from the vanishing of for k < m. 

For » 0, the assertion trivially holds since all the terms are zero. Assume the 
isomorphisms hold with k replaced by k + 2. We have the following equalities for k > 0: 

dimi^^ = dimC^ +fc+2 = dimC m+fc+2 = dimif m _ fc _ 2 = dimi^_ fc _ 2 . 

Indeed, the first equality follows from the property of the monodromy filtration on H" ', the 
second from the long exact sequence (2.3.3) together with the hypothesis that H' k _ 2 = 
for k > m + 2, the third from the hypothesis (2.3.1) of the lemma, and the last from the 
inductive hypothesis. So the two isomorphisms in (2.3.4) hold for k > 0. 

By (2.3.4) the primitive decomposition of @ k H k with center m can be lifted to the 
primitive decomposition of @ fc iffc with center m — 1 under the surjection H — > H" ', since 
K' k is the coprimitive part of H' k ' (k < m). This finishes the proof of Lemma (2.3). 

2.4. Proof of Theorem 1. We show the assertion for since that for follows from 
this using duality. Consider first the following canonical morphisms 

RT C (,S, m h , x ) -A RT(S, fiQ h , x ) A RT(S, f*Q h , x ). 

Set 

7 = (3oa : RT C (S, f\Qh,x) -+ BT(S, f*Q h ,x). 
By the octahedral axiom of the derived category, we get a distinguished triangle 

(2.4.1) C(a) ->• C( 7 ) ->■ C(P) ±> . 

By (1.1) the following mapping cone is a direct sum of constant sheaves on S: 
C(m h ,x -+ f*Qh,x) = C{Rf^.Q h , x -+ RfJ*Q h ,x), 

and this holds in D b MHM(S). Moreover, the stalk at s G S' of the mapping cone is given 
by the cohomology of the mapping cone 

c(Rr c (x s ,Q)^Rr(x s ,Q)) (ses'), 

using the generic base change by the inclusion {s} S. 

We then get the following isomorphisms in the derived category of graded-polarizable 
mixed Hodge structures £> & MHS: 

C(a) = C(N : Vi/ t) i flQh,x -+ Vi/M /iQ/i,x(-l)) [-1], 

(2.4.2) C(/3) = C(RT C (X S , Q) -> Rr(X s , Q)) (s e S"), 
C( 7 ) = Q©Q(-n)[3-2n]. 

Indeed, the first isomorphism follows from 

C{j[M £M) = C(N : ip 1/tA M -+ ^ 1/t>1 ^(-l))[-l], 
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for any mixed Hodge module M. on S where j' : S <— >• S := P 1 is the inclusion, see [Sai3], 
2.24. (In this paper the nearby and vanishing cycle functors ip for mixed Hodge modules 
are compatible with those for the underlying Q-complexes without any shift of complexes, 
and do not preserve mixed Hodge modules.) The second isomorphism of (2.4.2) follows 
from the above argument on the mapping cone, and the last isomorphism of (2.4.2) from 

RF C (X, Q) = KF C (S, fiQ h , x ), BT(X, Q) = BF(S, f*Q h ,x). 
Set m = n — 1. With the notation in the main theorem, we have the decompositions 
R C T(X S , Q) = H c s [-m] © Q(-to)[-2to], BT(X a , Q) = H s [-m] © Q, 

using the vanishing of Ext 1 (i > 1) in MHS together with the filtration r<fc as above. We 
also have 

V>i/t,i fiQh,x = H^l-m] © Q(-m)[-2m]. 

Let t s : Hg — > H s denote the canonical morphism. The distinguished triangle (2.4.1) is 
then equivalent to the isomorphism in D & MHS: 

(2.4.3) C{N : -> H^-l)) = C(i a : H c s -> H s ). 

Note that Kert s and Coker t s for s £ S' are extended to constant variations of mixed 
Hodge structures over S by (1.1). 

By duality we have 

(2.4.4) D {GZ-kHt) = {G?Z +k Hs) (m) for k > 0. 
Since X s is smooth affine, we have 

G?Z- k H c s = Gv% +k H s = for k < 0. 

This implies that Gr^ +k L s = (k ^ 0), and Gr^t s is an isomorphism by Proposition 2. 
Combining these with the isomorphism (2.4.3) in D & MHS, we get 

Gr% +k (KerN)^\Gr% +kH c if k < 
w , A7"\ ~ [ &!, t if s if fc > 0, 



Gr^ +fc (Coker AQ = 



m+k ±J -s 

if k < 0, 



where Coker AT is a quotient of H^, x (— 1). Using also the above duality (2.4.4), we thus 
get 

D(Gr^_ fc (Ker TV)) = (Gr^ + , (Coker N)) (m) for k > 0. 

Then, applying Lemma (2.3) to H = 1 where L k H is identified with WkH^ for s G 5", 
we get the second proof of Theorem 1 in this paper. 
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3. Universal extensions by constant sheaves 

In this section we explain the notion of a universal extension by a constant sheaf, and then 
prove Theorem 3 which implies Theorem 1. 

3.1. Universal extensions by constant sheaves over afRne line. Let Ai be any pure 
Hodge module of weight n on S = C having no constant direct factors, i.e. M.) = 0. 

Note that H j (S,M) =0 for j > since S is affine. 

Consider the functor 

E M (H) := Ex4 HM(s) (# s [l],.M) for H G MHS, 
where H$ '■= a* s H with as ■ S — >■ pt the projection. Set 

H M := H°(S, M), (H M ) S := a* s H M . 
Using the adjunction for as '■ S — > pt, we get the functorial isomorphism 

(3.1.1) E M (H) ^ Ex4 HS (^[l], (a s )*M) = Hom M Hs(#, H M ). 

Here the first isomorphism is given by taking the direct image of u : Hs[l] — > M. by as, 
and then composing it with the canonical morphism H[l] — > (as)*a s H[l\. The second 
isomorphism follows from the vanishing of H^{S, M) for j '• ^ 0. 

By (3.1.1), E M is represented by H M . This means that there is the universal extension 
M of M. by a constant mixed Hodge module on S corresponding to the identity on Km, 
and we have the short exact sequence in MHM(5'): 

(3.1.2) O^M ->■ M ->■ (H M ) S [1] -^0. 

Moreover, for any morphism v : H — > H M in MHS, the corresponding extension class is 
given by the pull-back of (3.1.2) by 

v s :H s [l]^(H M )s[l}. 

Lemma 3.2. Let Hi := ifii/t,i-M, Hi := ipi/t,iM. so that we have the exact sequence in 
MHS : 

(3.2.1) ->■ H x ->■ Hi ->• H°(S,M) ->■ 0. 

£fy t/ie action of N := (2/rz) -1 logT u together with the diagram of the snake lemma, we 
have the morphism 

(3.2.2) ^ : H°(S,M) -)• Coker(A^| J e" 1 ), 

where Coker(iV|.£Zi) is a quotient ofHi(-l). Assume the following condition holds: 
(C) d" is surjecUve and Kerd" = W n H°(S, M). 

Then the weight filtration W on Hi coincides with the monodromy filtration shifted by n. 
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Proof. This follows from the primitive decomposition as in the proof of Lemma (1.3). 

3.3. Proof of Theorem 3. By Lemma (3.2) above we have to prove condition (C). It is 
enough to show this condition for the underlying perverse sheaves. Let T be the underlying 
Q-perverse sheaf of M. . Set 

E T {V) := Ex4 erv(s) (F s [l],-F) for V G M'(Q), 

where M^(Q) denotes the category of finite dimensional Q- vector spaces. By a similar 
argument, this functor is also represented by if ^, J 7 ) = H°(S,M)q. 

Let A be a sufficiently small open disk in P 1 with center oo such that J- a* is a local 
system up to a shift where A* := A \ {oo}. Define for V G M f (Q) 

E^(V) :=Ext^ erv(A , ) (y A *[l],J- A = Hom Q (F,iy (A*,J- A 0). 
Set -Hi,q := i)i/t,iF[— 1]. Then Ejr Af is represented by 

#°(A*, T A *) = Coker(iV : # 1>Q # ljQ (-l)). 
We have the canonical functor morphism 

which corresponds to the canonical morphism 

(3.3.1) H°(S,F) = H (S,Rj*T) -+ H°{A*,F A *) = H°{A, (Rj^)| A ), 

where j : S ^ S = P 1 . We have to calculate the morphism (3.3.1). 

Let W be the weight filtration on Rj^J 7 . By the construction in [Sai3], 2.11 (see also 
[SZ]), we have 

GrfH\S^) = H°(S,Grf (Rj^)), 

with 

{0 if k < n, 

3uJ= if k = n, 

i*GrfCoker(N\H 1M ) if k > n, 

since H^iSJ^T) = 0. Here N : H hQ #i,q(-1) is as above, and i : {oo} <— >■ S. 
Let j' : A* ^ A so that 

By the local classification of perverse sheaves on A (see e.g. [BdM], [BrMa]), we have 
(3-3.3) ExtJ, erv(A) (y A [l],^(J- A 0) = 0, 

and furthermore 

E^{V) = Ext^ erv(A) (y A [l],Rj;(J- A ,)) 
(3.3.4) = Ext^ erv(A) (y A [l],<Coker(iV| J ff 1)Q )) 

= Hom Q (y,Coker(iV|if 1)Q )), 
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where i' : {00} <— > A. Let T and T\a* respectively be the universal extensions of T and 
J 7 A* by constant perverse sheaves so that we have the short exact sequences in Perv(S') 
and Perv(A*): 

0^ F^F^ H° (S,F) S [1] -»0, 

->■ J" A * ->■ T\*> ->■ Coker(A^| J ffi )Q ) A * [1] ->■ 0. 
By (3.3.3-4) we have the following commutative diagram of exact sequences in Perv(A*): 



1 I 

->■ ^(^J.^A^l] ->• #°(S,j!*^)A*[l] -)• 

(3.3.5) ->■ J- A . ->■ ^| A , ->■ ^°(5,J0a'[1] -)• 0, 

II I 
->■ J" A * ->■ ^|a* ->■ Coker(iV| J H"i j Q)A*[l] ->■ 



where Gr^if°(5', J 7 ) = H°(S, j\*J-). Indeed, the assertion is equivalent to that the quotient 
of the middle row by the top row is isomorphic to the bottom row. By (3.3.3-4) this follows 
from the fact that the restriction to A induces the isomorphism of extension classes: 

Ex^ erv( ^[l],**Coker(AT|^^ 

Note that the morphism d" in Lemma (3.2) is functorially defined for any short exact 
sequences on A* whose last term is constant, and it is bijective in the case of the short 
exact sequence associated to the local universal extension J-\a*- So the assertion follows 
from the above commutative diagram of short exact sequences. 

3.4. Further property of the universal extension. With the notation of (3.1), let 
5 : S > S x S be the diagonal, and qi : S x S — >■ S the i-th projection (i = 1,2). By 
[Sai3], 4.4.2, the inverse of the first isomorphism of (3.1.1) is given by taking the pull-back 
of v : H[l] — > (as)*Ai by as and then composing it with the functorial morphism: 

a s (a s )*M = (q 2 )*qlM ->■ q{M = M. 

Let js denote the inclusion of the complement of 5(S) in S x S. Then we have the 
distinguished triangle in D b MHM(S) 

(q2)*(js)ijsQiM -)• {q2)*q{M ^M^, 
and it gives the short exact sequence (3.1.2) in MHM(S') together with the isomorphism 

(3-4.1) M = (q2)*(js)\3*sQlM[l]. 

This is essentially the same as the definition of Ai by C. Sabbah in Appendix of [MT]. 
Consider the long exact sequence associated to (3.1.2): 

->■ H~ 1 (S,M) ->■ H M H°(S,M) -> H°(S,M) ->■ 0, 
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where H~ l {S,M) = by hypothesis and W(S,M) = H^(S,M) = for j > since S 
is affine. Here d' is the identity (up to a sign) by the definition the first isomorphism in 

(3.1.1) . So we get 

(3.4.2) H j (S, M) = for any j G Z. 

Conversely, if there is a short exact sequence 

(3.4.3) O^M ->M'->H' S [1] ->0, 

with G MHS and M' G MHM(S') satisfying the vanishing condition as in (3.4.2), then 
Ai' is identified with the universal extension Ai of Ai by a constant mixed Hodge module 
on S 1 . Indeed, this follows by applying the functor on the right-hand side of (3.4.1) to the 
short exact sequence (3.4.3), since Ai' = Ai' by the vanishing condition on Hi(S, Ai') and 
the right-hand side of (3.4.1) vanishes for a constant Hodge module on S. 

Since the vanishing condition as in (3.4.2) is satisfied for At' = H° f*(Qh,x[n]) (using 
the Leray spectral sequence as in Remark (1.2)), we get 

(3.4.4) M = H°MQ h , x [n}) with M = Grf H°f*(Q h , x [n]). 
So Theorem 3 implies the third proof of Theorem 1 in this paper. 

Appendix 

In this Appendix, we give some remarks about the limit mixed Hodge structure and the 
spectrum. 

A.l. Limit mixed Hodge structures. In [SZ], the limit mixed Hodge structure was 
constructed in the unipotent monodromy case. For the non-unipotent case, we can combine 
it with [St2] as follows. Here we describe the limit of the mixed Hodge structure on the 
cohomology with compact supports using the Cech-type construction, since this seems to 
be the easiest way to explain the relation with the theory of motivic Milnor fibers [DL] . For 
the usual cohomology (i.e. without compact supports), we can use the commutativity of the 
dualizing functor D and the passage to the limit mixed Hodge structure, i.e. Do^ ( = ^) t oD 
(up to a Tate twist) . Of course, we can also use the two weight nitrations on the logarithmic 
complex associated with the divisor with F-normal crossings [St2] as in [SZ]. 

Let / : X — > A be a projective morphism of complex manifolds where A is an open 
disk. We may assume that / is smooth over A* (shrinking A if necessary). Set Y := / _1 (0). 
Let D be a divisor on X which is flat over A, i.e. all the irreducible components Dj of D 
are dominant over A. Assume D U Y is a divisor with simple normal crossings. Set 

U:=X\D, f:=f\u:U^A, Dj := f] je j D J (where D = X). 

Let Yi be the irreducible components of Y C X with m,i the multiplicity of Y along the 
generic point of Y^. Set m = LCM(mj). Let / : X — > A be the normalization of the base 
change of / : X — > A by the ramified m-fold covering 7ta : A — > A which is finite etale 
over A*, where A is an open disk. Let tt : X — > X be the canonical morphism. Set 

U:=Tt-\U), Y:=tt-\Y), D := tt" 1 ^), Dj := ^(Dj). 
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Then X is a ^-manifold, and Y U D is a divisor with V-normal crossings on X. Let 
j :{/<-> X be the natural inclusion. There is a natural quasi-isomorphism 

(A.l.l) j.Q-^/C^ with /C|:=0 |J|=p Q~ 7 , 

re the differential of /C~ 
Consider the complex 



where the differential of JC'~ is defined in the same way as a Cech complex as is well known. 



V> f ~/C~. 
Y f x 

This naturally underlies a cohomological mixed Hodge complex such that its restriction 
to -i/>jQ~ coincides with the one defined in [St2] using the complex of logarithmic forms 

fi~ (log(y fl Dj)) together with the Hodge filtration F and the weight filtration W on it. 

Dj 

Indeed, we have canonical morphisms for J C J' 

(\o g (YnDj))\~ (io g (yn5j0), 

JJj L) ji D ji 

and this is a filtered quasi-isomorphism for W (forgetting the filtration F), since D U 1" is 
a divisor with normal crossings. 

There is a spectral sequence of mixed Hodge structures 

(A.1.2) ^E™ = |J|=p ff«(5 Ji00 , Q) =► Q), 

which is induced by the truncations r>k on /C~ for fceZ, and degenerates at E 2 . (This 

is the dual of the spectral sequence in [SZ], 5.7.) Indeed, it is the 'limit' by t — > of the 
weight spectral sequence 

= 0, Jl=p H«{Dj ih Q) =► H? +q (Ut, Q), 

where X~ t := / _1 (t) and D si := Dj f] X~ t for t G A*. These spectral sequences are the 
dual of the spectral sequences in [SZ] in the unipotent monodromy case. 

Note that (A.1.2) is compatible with the actions of the semisimple part T s and the 
nilpotent part := (27rz) _1 \ogT u of the monodromy T. 

A. 2. The relation with motivic nearby fibers. With the above notation, let E = YUD 
with Ei the irreducible components of E. We may assume E t = Y t for i < r and Ei = Di_ r 
for i > r, where r is the number of the irreducible components of Y. For / with min(J) < r 
(i.e. Ej C Y), define 

(A.2.1) E I = f] ieI E l , = \ n*/^, E I = *-\E I ), Ej = tt~ 1 (Ej). 

Note that Ej — y Ej is a cyclic etale covering. Set /' := 1(1 [1, r]. Let L denote 1(— 1) as an 
Chow motive where 1 = [pi], and (—1) is the Tate twist, see e.g. [Mu], [Sch]. By [DL], [Lo] 
and [MT], [Ra], the motivic nearby fibers for the morphisms / : X — y A and f':U—tA 
can be given respectively by 

(A-2.2) E min( ,)< r [{E!,T.)]{1 - Lf'\~\ E ma x(/)<, [(^°^ s )](l - L)' 7 ' -1 . 
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These belong to the Grothendieck group of Chow motives (with Q-coefficients) endowed 
with an action of T s of finite order by using equivariant resolutions of (Ei, Ei\Ej), see [DL]. 
Here T s denotes the semi-simple part of the monodromy, and is given by the automorphism 
7 of X over X induced by the base change of the automorphism of A defined by t h- > Cm t 
with ( m := exp(27ri/m). The action of T s on L is the identity. We denote the images of 
the two terms of (A. 2. 2) in the Grothendieck group of mixed Hodge structures with an 
action of finite order respectively by 

(A-2.3) £ min(/) < r [(lf c -(Ef),Tj(l - L)' 1 '' -1 ) £ max(/) < r [(H C -(E|),T.)](1 - Lp~\ 

where H'(Ej) is a complex of mixed Hodge structures with zero differential, L means here 
the class of Q(— 1) with trivial action of the monodromy, and T s is given by (7*) -1 , see 
(A. 4. 2) below. Then these respectively coincide in the notation of (A. 1.1) with 

(A.2.4) [(#•(*«,), [(H^U^Ts)]. 

Indeed, this follows from the construction of Steenbrink [St2] together with the long exact 
sequence of mixed Hodge structures 

(A.2.5) -> Hi{Z') Hi(Z) Hi(Z \ Z') W+\Z') 

for any open immersions of complex algebraic varieties Z' ^ Z, which is compatible with 
the action of automorphisms of varieties. (Here (A.2.5) can be proved by using mixed 
Hodge modules or the mapping cone construction in [De4] together with the diagram of 
the octahedral axiom of derived categories.) The dual exact sequence of (A.2.5) for Borel- 
Moore homology is well known in the theory of cycle maps of higher algebraic cycles. 

Note that we get cohomology with compact supports in (A.2.4), and this is quite 
different from the case of motivic Milnor fibers in [DL]. 

A. 3. Remarks, (i) In case Ej is simply connected, the cyclic etale covering Ej — y Ej 
can be determined by the multiplicities mj of Y along the irreducible components Yj 
intersecting Ei. For example, assume max(I) < r and 

(A.3.1) Ej = n ieJ yi = P\ Ej = Ej \ {E v U Ei") = C*, 

with i' < r (i.e. E^ = Y^). Then the covering degree of Ej — y Ej and the number of 
connected components of Ej are given respectively by 

(A.3.2) GCD(m l |zG/), GCD(mi | j e I U {%'}). 

This may simplify some argument in [MT]. 

(ii) In [DL], the semisimple part of the monodromy T s acts as an automorphism of 
Chow motives. This seems to be useful for the proof of the independence of the motivic 
Milnor fiber by the resolutions of singularities. For instance, we have [P 1 ] = 1 © 1(— 1) 
with End(l) = End(l(— 1)) = Q in the category of Chow motives. This is a special case 
of the Chow-Kiinneth decomposition, see e.g. [Mu] , [Sch] . 

A. 4. Geometric monodromy and local system monodromy. Let / : X — y S be 

a continuous map of topological spaces which is locally topologically trivial over S. We 
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assume that the Hj(X s ) and H^{X S ) with Q-coemcients are finite dimensional for any j. 
Let s G S, and 7 G iri(S, s). Let p : Y — >■ [0, 1] be the base change of / by the loop 7. 
Choosing a trivialization over [0, 1], we get the geometric monodromy 

1 #:X S = Y ~Y 1 =X S , 

where the middle homeomorphism is induced by the trivialization. We have the induced 
action of the geometric monodromy on homology and cohomology (with Q-coefficients) : 

7, G Aut(Hj(X a )), 7* e Aut(# J '(X s )), 

such that 

(A.4.1) 7* = *7», 

where * means the transpose. 

On the other hand, we have the local system monodromies 

lh G Aut(#,pT s )), 7c G Aut(i^'(X s )), 

which are defined by using the following (trivial) local systems of homology and cohomology 
groups over [0,1]: 

{Hj( Y u)}ue[o,i], {^(y u )}ue[o,i]- 

The latter can be identified with the constant sheaf RPp*Qy, see also [De3], XIV, 1.1.2. 
Note that 7 C coincides with the monodromy associated to the nearby cycle functor if / is 
a Milnor fibration. 

The relations between the above monodromies are given by 

(A.4.2) 7* = 7h, 7*=7 C -1 - 

Indeed, the first assertion easily follows from the definition (using simplicial chains for 
example). We then get the second equality since 

7* = *7* = *7fc = 7 C _1 , 
where the last equality follows from 

(A.4.3) (icUHhv) = (u,v) for u G H*(X a ), v G Hj(X a ). 

Here (u, v) denotes the canonical pairing between cohomology and homology, and it can 
be extended to a canonical pairing between the local systems so that (A.4.3) follows. 

It does not seem that (A.4.2) has been clarified explicitly in the literature. In fact, 
it does not seem to cause big problems at least in the local monodromy case since it is 
quasi-unipotent (except possibly for the definition of spectrum as in [MT]). 

A. 5. Example. Let / be a homogeneous polynomial of n variables with degree d, having 
an isolated singularity at the origin. Set X = C n \ / _1 (0) and S = C*. Here / also 
denotes the morphism X — > S induced by /. Let 7 be a generator of tti(S, s) ~ Z going 
around the origin counter-clockwise. Then 7^ is induced by the automorphism 

(A.5.1) 7 # : (xi,...,x n ) ^ (CdXi,...,Qx n ), 
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where Q '■= exp(27ri/<i), and xi,...,x n are the coordinates of C n . The action of 7 # is 
extended to an automorphism of C[xi, . . . , x n ] over C such that 

(A.5.2) l#x i = ( >d x i . 

This can be checked for instance by ^(xi — Cd c i) = Cdi^i — q)- 
Set u = dx\ A • • • A dx n , and 

(A.5.3) H'J:=n n Xfi /dfAdn n x -o- 

This is called the Brieskorn lattice. Let g e C[xi, . . . , x n ] be a monomial of degree fc. After 
Brieskorn, it is well known (and easy to show) that 

(A.5.4) d t t(gu) = ^gu in Hj, 

see e.g. the proof of Prop. 3.3 in [Sai2] for an argument in a slightly more general case. 
In the homogeneous polynomial case, we have moreover the well-known relation 

(A.5.5) 7 C = exp(-27rz(Restd t )), 

under the canonical isomorphism 

(A.5.6) H n ~ 1 (X 1 , C) = H'j/tH'j, 

where s = 1. The isomorphism can be defined by using a basis (u>i, . . . , u; M ) of H'j such 
that dttui = atiUi, and taking the restriction to X± after dividing the u>i by df. Indeed, the 
assertion is well known if the Brieskorn lattice is replaced by the Deligne extension [Del] . 
In this case, the inverse isomorphism is given by 

u ^exp(-^ff log7 c )-u, 

for u G H n ~ 1 (Xi) which is identified with a multivalued section, and we have 

^exp(-^log 7 c)« = -^exp(-§|log 7c )«, 

where the eigenvalues of — log 7 C are chosen corresponding to the Deligne extension. 
This can be extended to the Brieskorn lattice case easily in the homogeneous polynomial 
case. So (A.5.5) follows. 

By (A.5.4) and (A.5.5), the action of 7 C on (g/df)\ Xl G H n ~ 1 (X 1 , C) is given by the 
multiplication by 

(A.5.7) exp(-2ni(k + n)/d). 

On the other hand, (A.5.2) implies that the action of the geometric monodromy (A. 5.1) 
on (g/df)\x 1 is given by the multiplication by 

(A.5.8) exp(27rz(/c + ?i)/rf). 

This is the inverse of (A.5.7). 
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A. 6. Brieskorn lattices and mixed Hodge structures. The Brieskorn lattice H'j in 
(A. 5. 3) is denned for any holomorphic function on a complex manifold X having an isolated 
singularity at G / _1 (0). It is a free C{{<9 t -1 }}- module of rank fi, and is contained in the 
Gauss-Manin system Qf which is the localization of H'j by <9 t -1 , i.e. Qf = H'j[dt]. The 

latter has the Hodge filtration defined by F p Qf := d™~ 1 ~ p H'j for p G Z, and also the 
filtration V of Kashiwara and Malgrange such that drf — a is nilpotent on GryQf. By an 
argument similar to the proof of (A. 5. 6), there are isomorphisms 

(A.6.1) H n - x (X ffi , C) A = Gr v g f for A = exp(-27rza), 

where -X/,o is the Milnor fiber, and V\ denotes the A-eigenspace for any vector space V 
with the action of the local system monodromy T. We have moreover 

(A.6.2) F n - 1 - q H n - 1 {X f ^C) x = Gi v H'j for q < a < q + 1, A = exp(-27ric0, 

where F is the Hodge filtration of the mixed Hodge structure [St2], see [SS], [Va], etc. 
This is closely related with the definition of the spectrum in (A. 7. 5) below. In the case of 
Example (A. 5), it is related with [St3] by (A.5.4). 

A. 7. Spectrum. Let H be a mixed Hodge structure with a semisimple action T of finite 
order. Set H c ,\ := Ker(T - A) C H c . We define the spectrum Sp'(H, T) as in [Sai4] (and 
[DL])by 

/A Sp'(if,T):=E aeQ <t a , 
(A. 7.1) 

with n' a = dime Gr^Hc,\ for p = [a], A = exp(27rza). 

For a holomorphic function / on a complex manifold X of dimension n and x G / _1 (0), 
we first define Sp'(/, x) by 

(A.7.2) Sp'(/,x) -Y,j{-Vl n ~ 1 - i ^'{Hi{X JtX ),T a ), 

where H^(Xf jX ) is the reduced Milnor cohomology endowed with the canonical mixed 
Hodge structure, and T s is the semisimple part of the local system monodromy T. There 
are canonical isomorphisms 

(A.7.3) H'{X ftX ) = HUl<p f Q x , 

where i x : {x} X is the inclusion, see [De3]. They can be used to define the mixed Hodge 
structure on the left-hand side. Note that T is equal to the inverse of the cohomological 
Milnor monodromy by (A. 4), and this is closely related with Example (A. 5) by (A. 6). 

Let i denote the involution of Zft 1 /" 1 , t _1 / m ] over Z defined by 

L (t a ) = t~ a . 
The spectrum Sp(/, x) is then defined by 
(A.7.4) Sp(/,x):=r,(Sp / (/,x)). 
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This spectrum Sp(/, x) coincides with the one in [St2] for the isolated singularity case 
(using the complex conjugate of (A. 7.1) together with the symmetry (A. 7. 6) below). It 
coincides with the one in [St4] up to the multiplication by t. Indeed, the above definition 
of Sp(/, x) can be rewritten as Sp(/, x) := XlaeQ n at a with 

(A ? 5) n a = £ • dim c Gr^H^X^, C) A 

for q < a < q + 1, A = exp(— 2nia), 



and this is used in loc. cit. (up to the multiplication by t). In the isolated singularity case, 
the formula (A. 7. 5) is closely related with (A. 6. 2) and also with the calculations in (A. 5). 

If / has an isolated singularity at x, we have the symmetry of mixed Hodge numbers 
by [St 2] so that 



(A.7.6) Sp(f,x) = Sp'(f,x). 

In case / is a weighted-homogeneous polynomial of weights (wi, . . . ,w n ) (i.e. / is 
a linear combination of monomials n with J2i w i m i = 1) an d has an isolated 

singularity at 0, it is well known that 



(A.7.7) Sp(/,0) = n ■ 

This follows from [St3], see also [St2] and the proof of Proposition 5.2 in [Dil]. In the case 
of homogeneous polynomials (i.e. u>i = 1/d for any z), this follows also from the calculation 
in Example (A. 5) using (A. 6). 

For a polynomial mapping / : C n — > C, we can define the spectrum at infinity (see 
also [Sabl]) by 

(A78) SpUoo) -EiC-ir-^'Sp'C^'CXoo),^), 



where if J (Xoo) is the limit mixed Hodge structure of H J (X t ) at infinity (of C), and T s is 
the semisimple part of the local system monodromy T associated with a sufficiently large 
loop around the origin which goes counter-clockwise from the origin (and clockwise from 
oo G P 1 ). This definition is compatible with the one in the weighted-homogeneous isolated 
singularity case in (A.7.7). In the cohomologically tame case, we have the symmetry by 
[Sab3] (i.e. Theorem 1 in this paper) so that (A.7.6) holds, and the definition (A. 7. 8) seems 
to coincide with the one in [MT] (where the cohomology with compact supports is used) 
if the local system monodromy is used there. 



19 



References 



[BBD] Beilinson, A., Bernstein, J. and Deligne, P., Faisceaux pervers, Asterisque 100, Soc. Math. 
France, Paris, 1982. 

[BdM] Boutet de Monvel, L., .D-modules holonomes reguliers en une variable, In: Mathematique et 

Physiques, Progr. in Math. 37, Birkhauser, Basel, 1983, pp. 281-288. 
[BrMa] Briancon, J. and Maisonobe, Ph., Ideaux de germes d'operateurs differentiels a une variable, 
Enseign. Math. 30 (1984), 7-36. 
[Ca] Carlson, J., Extensions of mixed Hodge structures, in Journees de Geometrie Algebrique 
d'Angers 1979, Sijthoff-Noordhoff Alphen a/d Rijn, 1980, pp. 107-128. 
[Del] Deligne, P., Equation differentielle a points singuliers reguliers, Lect. Notes in Math. 163, 

Springer, Berlin, 1970. 
[De2] Deligne, P., Theorie de Hodge II, Publ. Math. I.H.E.S. 40 (1971), 5-58. 

[De3] Deligne, P., Le formalisme des cycles evanescents, in SGA7 XIII and XIV, Lect. Notes in 

Math. 340, Springer, Berlin, 1973, pp. 82-115 and 116-164. 
[De4] Deligne, P., Theorie de Hodge, III, Publ. Math. I.H.E.S. 44 (1974), 5-77. 
[DL] Denef, J. and Loeser, F., Motivic Igusa zeta functions, J. Alg. Geom. 7 (1998), 505-537. 
[Dil] Dimca, A., Monodromy and Hodge theory of regular functions, in New Developments in 

Singularity Theory, Kluwer Acad. Publ., Dordrecht, 2001, pp. 257-278. 
[Di2] Dimca, A., Sheaves in Topology, Universitext, Springer, 2004. 

[DS] Dimca, A. and Saito. M., Monodromy at infinity and the weights of cohomology, Compositio 

Math., 138 (2003), 55-71. 
[Lo] Looijenga, E., Motivic measures, in Seminaire Bourbaki 1999/2000, Asterisque 276 (2002), 

267-297. 

[MT] Matsui, Y. and Takeuchi, K., Monodromy at infinity of polynomial maps and Newton poly- 

hedra, preprint (arXiv:0912.5144vll). 
[Mu] Murre, J. P., On the motive of an algebraic surface, J. reine angew. Math. 409 (1990), 190-204. 
[Ra] Raibaut, M., Fibre de Milnor motivique a l'infini, C. R. Acad. Sci. Paris, Ser. I 348 (2010), 

419-422. 

[Sabl] Sabbah, C, Monodromy at infinity and Fourier transform, Publ. RIMS, Kyoto Univ. 33 
(1997), 643-685. 

[Sab2] Sabbah, C, Monodromy at infinity and Fourier transform II, Publ. RIMS, Kyoto Univ. 42 
(2006), 803-835. 

[Sab3] Sabbah, C, Hypergeometric periods for a tame polynomial, Port. Math., 63 (2006), 173-226 

(or arXiv:math/9805077). 
[Sail] Saito, M., Modules de Hodge polarisables, Publ. RIMS, Kyoto Univ. 24 (1988), 849-995. 
[Sai2] Saito, M., Exponents and Newton polyhedra of isolated hypersurface singularities, Math. 

Ann. 281 (1988), 411-417. 
[Sai3] Saito, M., Mixed Hodge modules, Publ. RIMS, Kyoto Univ. 26 (1990), 221-333. 
[Sai4] Saito, M., On Steenbrink's conjecture, Math. Ann. 289 (1991), 703-716. 
[SS] Scherk, J. and Steenbrink, J.H.M., On the mixed Hodge structure on the cohomology of the 

Milnor fibre, Math. Ann. 271 (1985), 641-665. 
[Sch] Scholl, A.J. , Classical Motives, Proc. Symp. Pure Math. 55 (1994), Part 1, 163-187. 
[Stl] Steenbrink, J.H.M., Limits of Hodge structures, Inv. Math. 31 (1976), 229-257. 
[St2] Steenbrink, J.H.M., Mixed Hodge structure on the vanishing cohomology, in Real and com- 
plex singularities, Sijthoff and Noordhoff, Alphen aan den Rijn, 1977, pp. 525-563. 
[St3] Steenbrink, J.H.M., Intersection form for quasi-homogeneous singularities, Compositio Math. 
34 (1977), 211-223. 



20 



[St4] Steenbrink, J.H.M., The spectrum of hypersurface singularities, Asterisque 179-180 (1989), 
163-184. 

[SZ] Steenbrink, J.H.M. and Zucker, S., Variation of mixed Hodge structure I, Inv. Math., 80 
(1985), 489-542. 

[Va] Varchenko, A.N., Asymptotic Hodge structure in the vanishing cohomology, Math. USSR 
Izv. 18 (1982), 469-512. 

Institut Universitaire de France et Laboratoire J. A. Dieudonne, UMR du CNRS 7351, Universite de 
Nice-Sophia Antipolis, Pare Valrose, 06108 Nice Cedex 02, France 

RIMS Kyoto University, Kyoto 606-8502 Japan 
Jan. 22, 2012, v.3 



21 



